ABSTRACT This paper investigates the issue of angle and array gain-phase error estimation in multipleinput-multiple-output (MIMO) radar, and a tensor-based angle and gain-phase error estimation scheme is proposed. In our approach, the parallel factor (PARAFAC) decomposition is performed to estimate the transmit and receive direction matrices. Then the estimation of gain error can be obtained according to the relationship between the columns of direction matrices. After that, the linear feature of the phase in the additional well-calibrated array element is utilized to estimate the angles. Finally, by fully using the phase characteristics of all arrays, the phase error can be obtained. Our approach can remove the influence of error accumulation, and thus it has a superior angle and gain-phase error estimation performance, particularly under the condition of low signal-to-noise ratio (SNR). The numerical examples validate the superiority and effectiveness of the proposed scheme.
I. INTRODUCTION
Angle estimation is a popular research topic in multiple-input multiple-output (MIMO) radar system, and it has attracted a lot of attention [1] , [2] . Due to the fact that the virtual arrays can be generated in MIMO radar, the array aperture is enlarged and the number of array elements is increased. Thus the parameter estimation performance of MIMO radar system is more superior than that of conventional phased array radar [3] . On the basis of the configuration of transmit and receive arrays, MIMO radar is roughly grouped into two kinds. The transmit and received arrays equipped with close spacing between the antennas is called collocated MIMO radar [4] - [6] . On the contrary, The transmit and received arrays consisting of wide spacing between antennas is named as statistical MIMO radar [7] - [8] . The bistatic MIMO radar, which is investigated in this paper, is a collocated MIMO radar.
The associate editor coordinating the review of this manuscript and approving it for publication was Wei Liu. During the past few years, a large number of scholars have devoted their efforts to the issue of joint direction-ofdeparture (DOD) and direction-of-arrival (DOA) estimation in bistatic MIMO radar [9] - [12] . The two-dimensional Capon method has been investigated in [13] , [14] , and the DOD and DOA are paired automatically. However, the calculation complexity of this algorithm is relatively high due to the two-dimensional spatial spectrum searching. Similarly, the multiple signal classification (MUSIC) algorithm proposed in [15] - [17] also requires the two-dimensional spatial spectrum searching operation. To realize the purpose of reducing the computational complexity, a lot of methods without spatial spectrum searching is proposed in [18] - [26] . In [18] - [22] , the estimation method of signal parameter via rotational invariance techniques (ESPRIT) is employed to achieve the angle estimation. These algorithms make use of the rotational invariance of the subspace to achieve the joint DOD and DOA estimation without the additional pairing procedure. In [23] - [26] , the parallel factor (PARAFAC) method is used to achieve the angle estimation in MIMO radar systems. In these methods, the direction matrices are obtained firstly, and then the angle can be estimated through using the feature of direction matrices. The iterative method has been developed in [27] , which can be called trilinear decomposition method. It does not require two-dimensional spatial spectrum searching or additional pairing procedure, and its performance is more excellent than that of other algorithms mentioned above.
However, all the methods mentioned above assume that both the transmit and receive arrays are well calibrated, i.e., the transmit and receive array manifolds are given explicitly. Since there exists different responses between array elements in real radar systems, the gain-phase errors may exist in transmit and receive arrays [28] - [29] . In MIMO radar systems, the performance of all algorithms aforementioned will seriously degrade the performance or be even invalid with gain-phase error [30] , [31] . In order to eliminate the gain-phase errors of transmit and receive arrays in MIMO radar systems, many efforts have been devoted. An ESPRITlike scheme has been developed in [32] for obtaining the joint angle and gain-phase error estimation, which employs the instrumental sensors method (ISM). The ESPRIT-like method is free from the operation of two-dimensional spatial spectrum searching, but the additional pairing procedure for different targets is required. On the other hand, a method based on trilinear decomposition has been presented in [33] , which is called Li's method. However, its drawback is that the gain-phase error estimation has the influence of error accumulation, and the estimation performance of gain-phase error will degrade clearly, particularly in the case of low signal-to-noise ratio (SNR). Subsequently, the ESPRIT-based method is developed in [34] . The angle estimation is first achieved, and then the gain-phase errors are obtained. The performance of ESPRIT-based method is superior than that of ESPRIT-like method, and the computational complexity of ESPRIT-based method is lower than that of ESPRIT-like method. However, the performance of ESPRIT-based method can be improved further.
In this paper, we propose a tensor-based angle and gain-phase error estimation scheme in bistatic MIMO radar. Firstly, the received signal is constructed into a third-order tensor by taking advantage of the multidimensional structure of signal. Then the transmit and receive direction matrices are achieved by using the PARAFAC decomposition of third-order tensor. The gain error is estimated by taking advantage of the relationship between any two steering vectors of different angles, where the impact of phase error can be eliminated. Afterwards, the proposed method utilizes the steering vector obtained by well-calibrated sensors to estimate the DOD and DOA. Finally, the phase error estimation is achieved by utilizing the phase of all array elements, where the impact of gain error has been removed. In our algorithm, the gain and phase errors are estimated separately, in which the influence between them is eliminated. In other words, the proposed method eliminates the effect of error accumulation when estimating the parameter of gain-phase error.
Therefore, the proposed algorithm achieves superior estimation accuracy compared with other methods.
The summary of this paper is shown as follows. Section II introduces the theoretical knowledge of tensor and formulates the tensor-based data model. The angle and gain-phase error estimation scheme is investigated in Section III. Simulation results are carried out in Section IV, while the conclusion is given in Section V.
Notation 
II. THEORETICAL BASIS OF TENSOR AND TENSOR-BASED DATA MODEL A. THEORETICAL BASIS OF TENSOR
In this part, the theoretical basis and definition of tensor are presented. The detailed introduction about the concepts and operations of tensor can be found in other literatures [35] , [36] .
Definition 1 (Mode-n Matrix Unfolding): Let X ∈ C I 1 ×I 2 ×...×I N be a tensor, and the mode-n matrix unfolding of a tensor X is indicated by [X ] (n) . The (i 1 , i 2 , . . . , i N )th element of X maps to the (i n , j)th element of [X ] (n) , where
where σ σ σ = [σ 1 , σ 2 , . . . , σ R ] T is a scaling multiplier matrix,
∈ C I n ×R is a factor matrix with u (n) r 2 = 1, ∀r, n. If the factor vector is not restricted to a unit length vector, Eq.(1) is redefined as
In particular, the PARAFAC decomposition of a thirdorder tensor can be called as trilinear decomposition, which is shown in Fig. 1 . 
B. TENSOR-BASED DATA MODEL
Consider a narrowband bistatic MIMO radar system, which equips with M -element transmit antennas and N receive antennas, and both of them are made up of half-wavelength spaced uniform linear arrays (ULA). Suppose that there are K independent targets in the far field. The direction of departure (DOD) and the direction of arrival (DOA) of the kth target can be defined as φ k and θ k , respectively. In the transmit side, all the antennas emit the orthogonal waveforms, and they can be used to form a group of matched filters. After using these matched filters to the received data, the output of matched filters can be given by [27] 
the receive steering vector, and d N n represents the distance between the nth receive antenna and the reference element.
T is the transmit steering vector, and d M m represents the distance between the mth transmit antenna and the reference element.
∈ C K ×1 denotes the received signal vector, which is composed of phases and amplitudes of the K targets. s k (t) = α k (t)e j2πf k t , where α k (t) and f k indicate the radar cross section (RCS) amplitude and Doppler phase shift, respectively. The noise vector is denoted as n(t), which is the additional white Gaussian noise vector.
However, the data model expressed in (3) is under the ideal condition where both the transmitter and receiver are well calibrated. In practical applications, the transmitter and receiver are always affected by the gain-phase error. Considering the effect of gain-phase error in both transmitter and receiver, the output of matched filter is rewritten as
To achieve the purpose of removing the impact of gain-phase error, n and m well-calibrated sensors are added to receiver and transmitter, respectively. C r and C t are diagonal matrices, which contain the gain-phase errors information of transmitter and receiver, respectively. C r and C t can be defined as
According to the definition of tensor model, a third-order tensor X ∈ C N ×M ×L can be expressed as
whereÂ R (n, k) represents the (n, k)th element of the
L×K is a coefficient matrix with the lth (l = 1, 2, . . . , L) row vector s l . N n,m,l represents the corresponding noise matrix.
According to the definitions of Mode-n matrix unfolding and tensor decomposition, a third-order tensor X ∈ C N ×M ×L can be decomposed into three slices in different directions, and it is obvious that X = [X ] (3) , Y = [X ] (2) and Z = [X ] (1) . Then the third-dimension slice of the tensor data X ∈ C N ×M ×L is given by [27] [X ] ( 
In addition, X n is expressed as
Depending on the definitions of Mode-n matrix unfolding and tensor decomposition, there are two other slices of the 47974 VOLUME 7, 2019 tensor data X ∈ C N ×M ×L , which can be denoted as [27] [X ] (2) 
where N y and N z denote the corresponding noise matrices.
III. THE PROPOSED ALGORITHM A. DIRECTION MATRIX ESTIMATION
In this section, the direction matrix is estimated by trilinear alternating LS (TALS) method firstly, which can be utilized to achieve angle and gain-phase error estimation in the next section. According to [37] , the trilinear decomposition is utilized to estimate the direction matrices. The least squares (LS) fitting of (10) can be defined as
The update of matrix S based on LS can be expressed as
whereÃ R andÃ T represent the estimations ofÂ R andÂ T , respectively. The LS fitting of (12) is defined as
The update of matrixÂ R based on LS can be expressed aŝ
whereÃ T andS represent the estimations ofÂ T and S, respectively. The LS fitting of Eq. (13) is defined as
The update of matrixÂ T based on LS can be expressed aŝ 2 and H 3 are the diagonal scaling matrices, which satisfies that H 1 H 2 H 3 = I K . In other words, after using the thirdorder PARAFAC decomposition process, there will exist scale ambiguity and permutation ambiguity in the results. The effect of the scale ambiguity can be removed by the operations of normalization.
B. THE GAIN ERROR ESTIMATION
In this part, the gain error is estimated by utilizing the obtained direction matrices and the special structure in the steering vectors.
Since the steering vectors of different targets have identical gain-phase error, we make the following definition by taking advantage of the relationship between any two steering vectors with different angles. Firstly, the point division operation of the steering vectors with any two angles is shown as (20) where G 1 is the result of point division operation of the steering vectors with any two angles.â r (φ i ) is the steering vector of the ith target,â r (φ j ) is the steering vector of the jth target. Due to the existence of scale ambiguity, the normalized operation ofâ r (φ i ) andâ r (φ j ) is carried out to eliminate the influence of scale ambiguity as follows.
where G 2 is the result of point multiplication operation for the steering vectors of any two angles. It can be seen from the above definition that the result of point division for any two steering vectors of different angles has the same argument with the point multiplication of the two steering vectors, but the value of modules are different. Utilizing this special relationship, we can estimate the gain error parameter while eliminate the effect of phase error, which is shown as
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From Eq. (22), it is clearly seen that the influence of phase error is eliminated when estimating the gain error, the influence of error accumulation is eliminated, which can exhibit better estimation performance.
For the gain error g t of the transmit array, the similar procedure can be applied to estimate it.
C. THE ANGLE ESTIMATION
In this part, the angle estimation is achieved without suffering from the effect of gain-phase error by utilizing the steering vectors of the well-calibrated sensors.
In order to achieve the correct angle estimation, the steering vector is obtained firstly by using the well-calibrated sensors to estimate the angle of targets. The steering vector of well-calibrated sensors is defined as
Then we can define that
The estimated steering vector of well-calibrated sensors is expressed asã r (φ k ). In order to eliminate the effect of scale ambiguity, the normalization operation is applied toã r (φ k ). Thenω can be obtained according to Eq. (24) . The estimation of sin φ k is achieved by using the LS principle. After that, the LS fitting is constructed as c =ω, where c ∈ C 2×1 denotes the estimated vector, is defined as
Thenc can be achieved, which is the LS solution for c.c is given byc
Finally, the estimation of the receive angleφ k is given bỹ
wherec (2) represents the second element of the vectorc. The angle estimation of the transmit arrayθ k can be achieved similarly.
D. THE PHASE ERROR ESTIMATION
In this section, the estimation of phase error can be achieved by taking advantage of the relationship between the argument ofâ and the argument of a, whereâ represents the steering vector affected by gain-phase error, and a denotes the steering vector without the influence of gain-phase error.
The argument ofâ r (φ k ) can be estimated by
whereâ r (φ k ) represents the received steering vector of the kth target which is affected by gain-phase error.
According to Eq.(26), the estimated vectorc can be obtained. In order to obtain the argument of a r (φ k ), we define that
According to the contents mentioned above, the LS fitting can be constructed asω
Then the argument of a can be denoted as
where a r (φ k ) indicates the received steering vector of the kth target which is not affected by gain-phase error.
Finally, the estimation of the received array phase error can be given by
It can be clearly seen that the effect of gain error has been eliminated and the phase error estimation is not influenced by the gain error. Thus our approach can remove the influence of error accumulation, and the estimation of phase error is more accurate.
By using the method mentioned above, the estimation for phase error p t of the transmit array is obtained.
IV. ADVANTAGES OF OUR METHOD
The advantages of our method can be summarized as follows:
(1) Our method can eliminate the influence of error accumulation and obtain better estimation performance.
(2) There is no spatial spectrum searching and eigenvalue decomposition when estimating angle and gain-phase errors, so our algorithm has low computational complexity.
(3) Our approach can achieve angles with automatic paired without additional angle pairing process.
(4) Compared with ESPRIT-like method [32] , ESPRITbased method [34] and Li's method [33] , the proposed method achieves better angle and gain-phase error estimation performance, which is shown in the simulation part.
V. SIMULATION RESULTS
In this part, some numerical experiments are provided to validate the effectiveness and superiority of our approach. The ESPRIT-like method [32] , Li's method [33] , ESPRIT-based method [34] and Cramer-Rao bound (CRB) [38] are compared with our algorithm. In this paper, the bistatic MIMO radar with M = 8 transmit antennas and N = 6 received antennas is considered. In this part, except for especially pointing out, it is assumed that there are K = 3 uncorrelated targets. The three targets are situated at (φ 1 , θ 1 
In all numerical experiments, by taking into account the impact of gain-phase error in transmitter and receiver, the gainphase error coefficients are given stochastically by: c t = [1, 1, 1, 1.21e j0.12 , 1.1e j1.35 , 0.89e j0.98 , 1.35e j2.65 , 0.92e j1.97 ]  and c r = [1, 1, 0.94e j1.12 , 1.23e j2.35 , 1.49e j0.58 , 0.75e j0.65 ]. The root mean square error (RMSE) is employed to assess the performance of the proposed method, and the RMSE of the angle estimation can be denoted as
whereθ k,i andφ k,i represent the estimation of θ k and φ k for the ith Monte Carlo test, respectively. ζ denote the total amount of Monte Carlo tests, and ζ = 500 is used in these simulations.
In addition, the RMSE of the array gain-phase error estimation is defined as
wherec t,i andc r,i indicate the estimation of c t and c r for the ith Monte Carlo test, respectively. Another metric employed to assess the performance of our method is the probability of the successful detection (PSD), which can be defined as
where D indicates the total amount of successful tests, and the definition of a successful experiment is that the absolute error of all numerical experiments are less than min Fig. 2 and Fig. 3 show the estimation results of the proposed method with SNR=20dB, and the number of snapshots is L=100. In Fig. 2 and Fig. 3 , we can clearly see that the estimations of angles and gain-phase error are obtained correctly, which verifies the effectiveness of our algorithm.
The first experiment investigates the relationship between RMSE and SNR of angle estimation ( shown in Fig. 4 ) and gain-phase error estimation (shown in Fig. 5 ). The number of snapshots is L=100. In this simulation, we compare the performance of our method with Li's method, the ESPRIT-based method, the ESPRIT-like method and CRB. In Fig. 4 and Fig. 5 , it can be clearly known that the estimation performance of our algorithm is better to Li's method, the ESPRIT-based method and the ESPRITlike method, and the performance of our method is closer to CRB. The estimation obtained by Li's method using trilinear decomposition has the effect of error accumulation, and thus the performance is limited. The proposed method utilizes multi-dimensional characteristics of the signal to eliminate the error accumulation effect, so the performance of the proposed algorithm is better than that of other algorithms. For the ESPRIT-based method, the performance of angle estimation is worse than that of Li's method at high SNR, but its performance of gain-phase error estimation is better than that of Li's method. Furthermore, the performance of Li's algorithm is more outstanding than that of the ESPRIT-like algorithm, and the main reason is that Li's method estimates the gain-phase errors by transforming the estimation into an issue of convex optimization.
The second experiment displays the relationship between RMSE and the number of snapshots with SNR=20dB. The performance of different algorithms is demonstrated in two aspects: angle estimation (shown in Fig. 6 ) and gain-phase error estimation (shown in Fig. 7 ). Li's algorithm, the ESPRIT-based algorithm, the ESPRIT-like algorithm and CRB are compared with our method. It can be known from Fig. 7 that the performance of all methods is gradually promoting with the augment of the number of snapshots, where the performance of our method is more outstanding than that of other methods. This is because our method makes use of the multi-dimensional structure of the signal and eliminates the effect of error accumulation. For the ESPRIT-based method, the performance of angle estimation is worse than that of Li's method, but its performance of gain-phase error estimation is superior than that of Li's method. Moreover, the ESPRIT-like algorithm has the worst performance.
In the third experiment, we investigate the angle estimation performance (shown in Fig. 8 ) and the gain-phase errors estimation performance (shown in Fig. 9 ) with different number of targets. The number of snapshots is L=100. It is shown from Fig. 8 and Fig. 9 that the estimation performance of our method degrades with the increasing number of targets.
In the fourth experiment, the impacts of the number of transmitter and receiver for the performance of angle estimation are evaluated. The number of snapshots is L=50. The angle estimation performance under different numbers of receive antennas is depicted in Fig. 10 . Fig. 11 shows the proposed method angle estimation performance with different number of transmit antennas. It can be known from Fig. 10 and Fig. 11 that the angle estimation performance of our method will be improved with the increasing number of transmitter or receiver. The reason is that more number of 47978 VOLUME 7, 2019 antennas contained in transmit or receive arrays can obtain more spatial diversity gain.
The fifth experiment depicts the PSD of the angle estimation versus SNR for three targets with L=100. In this simulation, the performance of our method is compared with Li's method, the ESPRIT-based method and the ESPRIT-like method. From Fig. 12 , it can be seen that PSD of all the algorithms will turn higher with the increasing of SNR, and eventually reach 100% in the case of high enough SNR. It is worth noting that the PSD of our algorithm can reach 100% with relatively low SNR compared with other algorithms. On the other hand, the PSD of our algorithm is close to that of Li's method at low SNR. In addition, it is clear that Li's method has superior PSD than the ESPRIT-like algorithm and the ESPRIT-based method. Although the PSD of the ESPRIT-based algorithm can reach 100%, its SNR threshold is very high.
VI. CONCLUSION
In this paper, a tensor-based angle and array gain-phase error estimation scheme is proposed in bistatic MIMO radar. The proposed method applies the (PARAFAC) decomposition technique to achieve the direction matrices, and the effect of error accumulation is eliminated in the procedure of angle and gain-phase error estimation. Thus, compared with existing methods, the proposed method exhibits superior angle and gain-phase error estimation performance. The superiority of our algorithm is validated by numerical experiments. 
